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Abstract. Using recent development in Poletsky theory of discs, we prove the 
following result: Let X, Y be two complex manifolds, let Z be a complex analytic 
space which possesses the Hartogs extension property, let A (resp. B) be a non 
locally pluripolar subset of X (resp. Y), We show that every separately holo- 
' morphic mapping / : W := (A x Y) U (X x B) — > Z extends to a holomorphic 

mapping / on W :— {(z,w) E X x Y : oj(z,A,X) +uj(w,B,Y) < 1} such that 
/ = / on W fl W, where ui(-,A,X) (resp. u)(-, B,Y)) is the plurisubharmonic 
measure of A (resp. B) relative to X (resp. Y). Generalizations of this result for 
an A^-fold cross are also given. 



> 

\D . 1. Introduction 

m 

The main purpose of this article is to give a general version of the well-known Har- 
togs extension theorem for separately holomorphic functions (see [8]). This theorem 
has been a source of inspiration for numerous research works in Complex Analysis for 
many years. It has developed into the beautiful and very active theory of separately 
analytic mappings. Nowadays, one finds a close connection between this theory and 
many other fields in Mathematics such as (Pluri)potential Theory, Partial Differ- 
ential Equations and Theoretic Physics etc. The recent survey articles by Nguyen 
j> \ Thanh Van [18] and Peter Pflug [25] not only retrace the historic development, but 
also give some insights into the new research trends in this subject. Here we recall 
briefly the main steps in developing the theory of separately holomorphic mappings. 

Very longtime after the ground-breaking work of Hartogs, the subject was re- 
birthed, around the years 50-60s, thanks to the Japanese school (see [35], [38] and the 
references therein). However, an important impetus was only made by Siciak in the 
works [351 EZ] , where he established some significant generalizations of the Hartogs 
extension theorem. According to Siciak's general formulation of this theorem, the 
problem is to determine the envelope of holomorphy for separately holomorphic 
functions defined on some cross sets. The theorems obtained under this formulation 
are often called cross theorems. Using the so-called relative extremal function, Siciak 
completed the problem for the case where the cross set consists of a product of 
domains in C. 
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The next deep steps were initiated by Zahariuta in 1976 (see [22]) when he started 
to use the method of common bases of Hilbert spaces. This original approach permits 
him to obtain new cross theorems for some cases where the cross consists of a product 
of Stein manifolds. As a consequence, he was able to generalize the result of Siciak 
in higher dimensions. 

Later, Nguyen Thanh Van and Zeriahi (see [221 [231 [21]) developed the method 
of doubly orthogonal bases of Bergman type in order to generalize the result of Za- 
hariuta. This is a significantly simpler and more constructive version of Zahariuta's 
original method. Nguyen Thanh Van and Zeriahi have recently achieved an elegant 
improvement of their method (see |19j . [40J). 

Using the method of Siciak, Shiffman (see [31]) was the first to generalize some re- 
sults of Siciak to separately holomorphic mappings with values in a complex analytic 
space. 

The most general result to date is contained in a recent work by Alehyane and 
Zeriahi (see Theorem 2.2.4 in [3]). Namely, they are able to define the envelope of 
holomorphy of any cross of a product of subdomains of Stein manifolds in terms of 
the plurisubharmonic measure. 

In this work we generalize, in some sense, the result of Alehyane-Zeriahi to any 
cross of a product of arbitrary complex manifolds. The main ingredient in our 
approach is Poletsky theory of discs developed in [26, 27J, Rosay's Theorem on holo- 
morphic discs (see [32J) and Alehyane-Zeriahi Theorem (see [3J). Another important 
technique is to use level sets of the plurisubharmonic measure. This technique was 
originally introduced in a recent joint-work of Pflug and the author (see [28]). How- 
ever, it appears to be very successful in solving many problems arising from the 
theory of separately holomorphic and meromorphic mappings. 

This paper is organized as follows. 

In Section 2, after introducing some terminology and notation, we recall Alehyane- 
Zeriahi Theorem and state our main result. 

The tools which are needed for the proof of the main result are developed in 
Sections 3. 

The proof of the main result for the case of an 2-fold cross is divided into three 
parts, which correspond to Sections 4, 5, and 6. 

The general case is treated in Section 7. Finally, we conclude the article with 
some remarks and open questions. 

The theory of separately holomorphic and meromorphic mappings has received 
much attention in the past few years. We only mention here some directions of the 
current research. Separate analyticity in infinite dimension is growing quite rapidly 
since the work of Noverraz [20]. Many results in this direction are obtained by 
Nguyen Van Khue, Nguyen Thanh Van and their co-workers (see the discussion in 
|16j and [H]). On the other hand, the recent development also focuses on cross 
theorems with pluripolar singularities and boundary cross theorems. For the latest 
results as well as a comprehensive introduction to the latter two directions, the 



A GENERAL VERSION OF THE HARTOGS EXTENSION THEOREM 



3 



reader may consult some works of Jarnicki and Pflug in [121 EH] and recent 
articles of Pflug and the author (see [2E1 EH])- 

Acknowledgment. The paper was written while the author was visiting the 
Carl von Ossietzky Universitat Oldenburg being supported by The Alexander von 
Humboldt Foundation. He wishes to express his gratitude to these organizations. 
He also would like to thank Professor Peter Pflug for very stimulating discussions, 
and the referee for many valuable remarks. 

2. Preliminaries and statement of the main result 

In order to recall the classical cross theorem and to state the main result, we need 
to introduce some notation and terminology. In fact, we keep the main notation 
from the works in [IT] . |33j. 

2.1. Local pluripolarity and plurisubharmonic measure, cross and sepa- 
rate holomorphicity. In the sequel, all complex manifolds are supposed to be of 
finite local dimension (i.e. the dimension of any connected component of the mani- 
fold is finite), and all complex analytic spaces considered in this work are supposed 
to be reduced, irreducible and of finite dimension. 

Let M. be a complex manifold and let A be a subset of Ai . Put 

hA,M '■= SU P {u : u e VSH(M), u < 1 on M, u < on A} , 

where VS7i(A4) denotes the cone of all plurisubharmonic functions on A4. 

A is said to be pluripolar in M. if there is u G VS7i(A4) such that u is not identi- 
cally — oo on every connected component of M. and A C {z G M. : u{z) = — oo} . A 
is said to be locally pluripolar in Ai if for any z G A, there is an open neighborhood 
V of z such that A D V is pluripolar in V. A is said to be nonpluripolar (resp. non 
locally pluripolar) if it is not pluripolar (resp. not locally pluripolar). According to 
a classical result of Josefson and Bedford (see [9], [1]), if M. is a Riemann domain 
over a Stein manifold, then A C M. is locally pluripolar if and only if it is pluripolar. 

In the sequel, for a function h : M. — ► R, its upper semicontinuous regularization 
h* : M — ► R is defined by 

h*(z) :— limsup h(w), z G M.. 

w—*z 

Next, we say that a set A C M. is locally pluriregular at a point a 6 A if 
h* AnUU (a) = for all open neighborhoods U of a. Moreover, A is said to be lo- 
cally pluriregular if it is locally pluriregular at every point a G A. We denote by 
A* = A* M the set of all points a G A at which A is locally pluriregular. If A is non 
locally pluripolar, then a classical result of Bedford and Taylor (see [HE]) says that 
A* is non locally pluripolar and A \ A* is locally pluripolar. Moreover, A* is locally 
of type Qs (i-e. for every a G A*, there is an open neighborhood U of a such that 
A* fl U is a countable intersection of open sets), and A* is locally pluriregular (i.e. 
(A*)* = A*). 
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The plurisubharmonic measure of A relative to M. is the function^ defined by 

u{z,A,M) :=h% jfl (z), z e M. 

Observe that u{-,A,M) G VSH{M) and < u(z, A,M) < 1, z e M. 

We shall show in Proposition 13.61 below that if M. is a subdomain of a Stein 
manifold, then the above definition coincides with the one given by formula (2.1.2) 
in Alehyane-Zeriahi's article [3]. For a good background of the pluripotential theory, 
see the books [UJ or [To] . 

Let N <E N, N > 2, and let ^ Aj C -Dj, where is a complex manifold, 
j = 1, . . . , N. We define an N-fold cross 

X := X(A ll ...,A N ;D u ...,D N ) 

N 

:= A\ x • • • x Aj-i x Dj x Aj + i x • • • Atv. 
i=i 

Following a terminology of Alehyane-Zeriahi [5] , we define the regular part X* of X 
as follows 

X* = X*(A 1 ,...,A N ;D 1 ,...,D N ):=X(Al,...,A* N ;D 1 ,...,D N ) 

N 

= \jA* 1 x---xA*_ 1 xD J xA* +1 x---A* N . 
Moreover, put 

N 

u{z) := ^2^( z ji Aj, Dj), z = (zi, . . . , Zn) G D\ x ■ ■ ■ x D N . 

For an X-fold cross X := X(A 1 , . . . , A N ; D 1 , . . . , D N ) let 
X = X(Ai, . . . , A N - D u . . . , D N ) := {fa, . . . , z N ) G D 1 x ■ ■ ■ x D N : u(z) < 1} . 

It is not difficult to see that X* C X. 

Let Z be a complex analytic space. We say that a mapping / : X — > Z is 
separately holomorphic and write / G O s (X,Z), if for any j G {l,...,iV} and 
(a , a ) G (Ai x • • • x x {Aj + \ x ■ ■ ■ x A N ) the restricted mapping f(a , •, a )\d j 

is holomorphic on Dj. 

Throughout the paper, for a function / : M — > C, let \f\u denote sup M |/|. 
Finally, for a complex manifold M. and a complex analytic space Z, let 0(Ai,Z) 
denote the set of all holomorphic mappings from M. to Z. 



The notation (j(-,A, M) is historically reserved for the relative extremal function. The latter 
function is defined by 

u(z, A, M) := h* A n (z), z eM. 
An example in [1J shows that in general, ui(-,A, M) ^ ui(-,A, M). 
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2.2. Hartogs extension property. We recall here the following notion introduced 
by Shiffman [31]. Let p > 2 be an integer. For < r < 1, the Hartogs figure in 
dimension p, denoted by H p (r), is given by 

H p {r) := j(z , z p ) £ E p : \\z \\ < r or \z p \ > 1 — r| , 



where E is the unit disc of C and z = (zi, . . . , z p -i), ||z' || := max |z 

i<?<p-i 



Definition 1. A complex analytic space Z is said to possess the Hartogs extension 
property in dimension p if Z has a countable bases of open subsets, and every map- 
ping f £ 0(H p (r), Z) extends to a mapping f £ 0(E p ,Z). Moreover, Z is said to 
possess the Hartogs extension property if it does in any dimension p > 2. 

It is a classical result of Ivashkovich (see [10]) that if Z possesses the Hartogs 
extension property in dimension 2, then it does in all dimensions p > 2. Some typical 
examples of complex analytic spaces possessing the Hartogs extension property are 
the complex Lie groups (see [2]), the taut spaces (see [4"I]). the Hermitian manifold 
with negative holomorphic sectional curvature (see [31]), the holomorphically convex 
Kahler manifold without rational curves (see |10j). 

Here we mention an important characterization due to Shiffman (see 



Theorem 2. A complex analytic space Z possesses the Hartogs extension property 
if and only if for every domain D of any Stein manifold Ai , every mapping f £ 
0(D, Z) extends to a mapping f £ 0(D, Z), where D is the envelope of holomorphy 
ofD. 

2.3. Motivations for our work. We are now able to formulate what we will quote 
in the sequel as the classical cross theorem. 

Theorem 3. (Alehyane-Zeriahi [3J, Theorem 2.2A]) Let Xj be a Stein manifold, 
let Dj C Xj be a domain and Aj C Dj a nonpluripolar subset, j = 1, . . . , N. Let Z 
be a complex analytic space possessing the Hartogs extension property. Then for any 
mapping f £ O s (X, Z), there is a unique mapping f £ 0(X, Z) such that f = f on 

mi. 

The following example given by Alehyane-Zeriahi (see |3J) shows that the hypoth- 
esis on Z is necessary. Consider the mapping / : C 2 — > P 1 given by 



[{z + w f . {z _ W )2 ]) ( Z>IO )^( ,0), 
[1:1], (z,w) = (0,0). 



f{z,w) 



Then / £ O s (X(C, C; C, C), ¥ l J , but / is not continuous at (0, 0). 

The question naturally arises whether Theorem 3 is still true if Dj is not neces- 
sarily a subdomain of a Stein manifold, j — 1, . . . , N. 



2.4. Statement of the main results and outline of the proofs. We are now 

ready to state the main results. 



6 



VIET-ANH NGUYEN 



Theorem A. Let Dj be a complex manifold and Aj C Dj a non locally pluripolar 
subset, j = 1, ...,7V. Let Z be a complex analytic space possessing the Hartogs 
extension property. Then for any mapping f G O s (X, Z), there is a unique mapping 
f G 0(X, Z) such that f — f on X H X. If, moreover, Z = C and \ f\x < °°; then 

\m\<\f\A^ z) \f\ x iz \ ^x. 

In virtue of a theorem of Josefson and Bedford (see Subsection 2.1 above), the 
classical cross theorem is an immediate consequence of Theorem A. 

Theorem A has an important corollary. Before stating this, we need to introduce 
a terminology. A complex manifold M. is said to be a Liouville manifold if VSTi(Ai) 
does not contain any non-constant bounded above functions. We see clearly that 
the class of Liouville manifolds contains the class of connected compact manifolds. 

Corollary B. Let Dj be a complex manifold and Aj C Dj a non locally pluripo- 
lar subset, j = 1, ...,7V. Let Z be a complex analytic space possessing the Har- 
togs extension property. Suppose in addition that Dj is a Liouville manifold, 
j = 2, ...,7V. Then for any mapping f G O s (X,Z), there is a unique mapping 
f G 0(Di x • ■ • x D N , Z) such that f = f on X. 

Corollary B follows immediately from Theorem A since uj(-, Aj, Dj) = 0, j = 
2,. ..,7V. ^ 

We give below some ideas of the proof of Theorem A. 

Our method consists in two steps. In the first step, we investigate the special case 
where each Aj is an open set, j — 1, . . . , TV. In the second one, we treat the general 
case. 

In order to carry out the first step, we apply Poletsky theory of discs and Rosay's 
Theorem on holomorphic discs (see Theorem 13.11 below). Consequently, we may 
construct an extension mapping / on X. To prove that / is holomorphic, we appeal 
to the classical cross theorem (Theorem 3). 

In the second step we reduce the general situation to the above special case. The 
key technique is to use level sets of the plurisubharmonic measure. More precisely, we 
exhaust each Dj by the level sets of the plurisubharmonic measure £;(•, Aj, Dj), i.e. 
by Dj t s : = {zj G Dj : ui(zj,Aj, Dj) < 1 — 8} (0 < 8 < 1). We replace in the same 
way the set Aj by an open set Ajj such that Ajj, Djj) behaves, in some sense, 
like uj(-, Aj, Dj) as 8 — > + . Applying Theorem 3 locally and making an intensive use 
of Theorem 13.11 we can propagate the separate holomorphicity of / to a mapping 
fs defined on the cross Xg := X (A^s, ■ ■ ■ , A^,s; D^s, . . . , D^,s) ■ Consequently, the 

first step applies and one obtains a mapping fg G O {^Xg,Z^j . Gluing the family 
( fs) , we obtain the desired extension mapping /. 

V / 0<<5<1 

3. Preparatory results 

We recall here the auxiliary results and some background of the pluripotential 
theory needed for the proof of Theorem A. 
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3.1. Poletsky theory of discs and Rosay's Theorem on holomorphic discs. 

Let E denote as usual the unit disc in C. For a complex manifold Ai, let 0(E,Ai) 
denote the set of all holomorphic mappings : E — > Ai which extend holomor- 
phically to a neighborhood of E. Such a mapping is called a holomorphic disc on 
Ai. Moreover, for a subset A of Ai, let 



l, z e A, 
0, zeM\A. 

In the work [32J Rosay proved the following remarkable result. 



U(z) 



Theorem 3.1. Let u be an upper semicontinuous function on a complex manifold 
Ai . Then the Poisson functional of u defined by 

^ J u((j)(e i0 ))de : G 0(E,M), 0(0) = z 

is plurisubharmonic on Ai. 

Rosay's Theorem may be viewed as an important development in Poletsky theory 
of discs. Observe that special cases of Theorem 13.11 have been considered by Poletsky 
(see [261 [27]), Larusson-Sigurdsson (see [TT] ) and Edigarian (see [6]). 

We also need the following result (see [32l Lemmas 1.1 and 1.2]). 

Lemma 3.2. Let Ad be a complex manifold and let A be a nonempty open subset of 
Ai. Then for any e > and any zq G Ai, there are an open neighborhood U of zq, 
an open subset T ofC, and a family of holomorphic discs (4 > z ) z <=u C 0(E, Ai) with 
the following properties: 

(i) $ G 0(U x E,M), where <$>{z,t) := <p g (t), (z,t) G U x E; 

(ii) <l> t (0) = z, zeU; _ 

(Hi) (f> z (t) G A, teTHE, z EU; 

(iv)± J l dE \ T {e ie )d9 < V[l M \ A ](z ) + e. 



Proof. For any p > 0, let E p denote the disc {t G C : \t\ < p} . Fix an arbitrary 
point zq G At. We apply Theorem 13.11 to the upper semicontinuous function 1m\a- 
Consequently, for any e > 0, one may find an r > 1 and a holomorphic mapping 
4> G 0(E r ,M) such that 

(3.1) 0(0) = z and ^ J l M \A(<P(e w ))d9 < V[l M \ A ](z ) + |. 

o 

Consider the embedding r : E r — >■ CxM given by r(t) := (t, <j)(t)), t G E r . Then 
the image r(E r ) is a Stein submanifold of C x Ai. Fix any f such that 1 < f < r 
and let d be the dimension of the connected component of Ai containing z Q . By 
Lemma 1.1 in [32], there is an injective holomorphic mapping f : Ef +1 — > C x Ai 
such that f(t, 0) = r(t) = (t,<f>(t)), \t\ < r. Let IT be the canonical projection from 
CxM onto Ai . Then there are a sufficiently small neighborhood U of zq and a real 
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number p : 1 < p < r such that, for every z G U, the mapping <p z : E p — ► M. given 
by 

(3.2) cj) z (t) :=Uof((t,0)+f- 1 (0,z)) , t G E p , 
is holomorphic. 

Using the explicit formula (I3.2p . assertion (i) follows. Moreover, 0^(0) = 11(0, z) = 
z for z G U, which proves assertion (ii). In addition, 

(3.3) <p zo (t) = (Uof)(t,0) = (P(t). 

In virtue of (I3.2p . observe that as z approaches z in U, 4> z converges uniformly to 
<p ZQ on E. Consequently, by shrinking U if necessary, we may find an open subset T 
of the open set {t G E p : 4> zo (t) G ^4} such that assertion (iii) is fulfilled and 

^ J l 9E \ T (e ie )d9 < i- J l MXA ( ( f )zo (e ie ))de+ e ~. 



This, combined with the estimate in (13.11) and (13. 3p . implies assertion (iv). Hence, 
the proof of the lemma is complete. □ 

3.2. The plurisubharmonic measure and its level sets. We begin this subsec- 
tion with the following simple but very useful result. 

Lemma 3.3. Let T be an open subset of E. Then 

2tt 



u(0,TnE,E) <±-j l dE \ T (e i6 )de. 



Proof. Observe that, by definition, 

u{t,Tn E,E)< u E {t,Tn BE), teE, 
where u>E(t,T fl dE) is the harmonic measure for E (see [211 p. 96]). Since 

lu e (0, TndE) = ^-J l dE \ T (e w )d6, 
o 

the desired conclusion follows from the above estimate. □ 

Proposition 3.4. Let M. be a complex manifold and A a nonempty open subset of 
M. Then lj(z,A,M) = V[1 m \a](z), z G M. 

Proof. First, since A is open, it is clear that A* = A. In addition, applying Theorem 
13.11 to 1m\a and using the explicit formula of "P[1th\a], we see that "P[1^\a] £ 
VSH(M), V[1 M \a\ < 1 and V[1 m \a](z) = 0, z G A. Consequently, 

V[1 M \aKz)<w(z,A,M), zeM. 
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To see the opposite inequality, let u G VSTC(A4) such that u < 1 and u(z) < 0, z G 
A. For any point z £ A4 and any e > 0, by Theorem 13.11 there is a holomorphic 
disc (j) G 0(E,M) such that 

(3.4) 0(0) = 2 and i- / l MA (0(e*))d0 < P[1 m \a](^o) + e. 

o 

Consequently, by setting 0~ 1 (v4) := {i G E : <p(t) G A} , we obtain 

u(z ) = (mo0)(O) < 2(0, ^(A),^) < l MA (0(e ifl ))d0, 

o 

where the first estimate is trivial and the second one follows from Lemma 13.31 
This, combined with ( 13 .41) . implies that u(z ) < V[1m\a](zq) + £■ Since u, e and 
z are arbitrarily chosen, we conclude that u(z,A, M.) < V[1m\a](z), z G A4. This 
completes the proof. □ 

Proposition 3.5. Let M. be a complex manifold and A a non locally pluripolar 
subset of M.. For < e < 1, define the "e-level set of M. relative to A" as follows 

M e , A ■= {z G M : u(z, A, M) < 1 - e} . 

Then: 

1) For every locally pluripolar subset P of A4, (AU P)* = A* and &(-, AU P, M) = 
uj(-,A,M). (A*)* = A*. If, moreover, A is open, then A* = A. 

2) Let N be an open subset of M and BcAnjV. Then uj(z, A,M) < u(z, B,Af), 

zeAf. 

3) Let M be a connected component of A4, then u(z, A n J\f,M) = u(z, A,A4), 
zeAf. 

4) u(z, A n A*,M € , A ) = ^r 1 , z g M e ,A- 

5) Every connected component of M.^a contains a non locally pluripolar subset of 
Ad A*. If, moreover, A is open, then every connected component of AA^a contains 
a nonempty open subset of A. 

Proof. Part 1) is an immediate consequence of the following identity (see Lemma 
3.5.3 in [TT]) 

h* — h* 

where U is a bounded open subset of C n , A and P are subsets of U, and P is 
pluripolar. 

Part 2) and Part 3) are trivial using the definition of the plurisubharmonic mea- 
sure. 

Now we turn to Part 4). Observe that for any a G A* , 

(3.5) u(a,A,M) =u(a,A*,M) = 0, 

where the first equality follows from the definition of the plurisubharmonic measure, 
and the second one from Part 2) and the assumption that a G A*. Hence, A* C A4 t) A- 
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In addition, we have clearly that "^'J M - ) < 1, z G Ai 6:A . This, combined with (13. 5p . 
implies that 

(3.6) u&A,M) <2( ZjAnA * )MetA)) z eM tA . 

To prove the converse inequality of (I3.6J) . let -u G VSH.(A4 ejA ) be such that -U < 1 
on and u < on A*. Consider the following function 



u{z) :-- 



max{(l - e)u(z),uj(z,A, M)} , z e M £) a, 
lo(z,A,M), zeM\M tyA - 



It can be checked that u G VSTi(Ai) and u < 1. Moreover, in virtue of the assump- 
tion on u and (I3.5p . we have that 

u(a) < max{(l - e)u(a), u(a, A, M)} = 0, a G A*. 

Consequently, u < u(-,A*,Ai) = u(-,A,M.). In particular, one gets that 

< "> 2G7W. 

1 — e 

Since u is arbitrary, we deduce from the latter estimate that the converse inequality 
of (13. 6p also holds. This completes the proof of Part 4). 
Part 5) follows immediately from Parts 3) and 4). 

Hence, the proof of the proposition is finished. □ 

The following result shows that our definition of the plurisubharmonic measure 
recovers the one given by Alehyane-Zeriahi in [31 formula (2.1.2)]. 

Proposition 3.6. Let Ai be a Stein manifold. Let U be a subdomain of M. which 



oo 

T, 

J 



admits an exhaustive sequence of open subsets {Uj)°° =1 , i.e. Uj <s Uj + i and [J U. 

j i 

U. Then for any subset A C U, there holds 

u(z, A, U) = lim h* AnU rj (z), z G U. 

J^OO J J 



Proof. First observe that the sequence {h* AnU . jj^j decreases, as j — >• oo, to a 

function h G VSH(M). 

Next, since Uj d Ai and A \ A* is pluripolar, it follows from Lemma 2.2 in [1] 
and Part 1) of Proposition 3.5 that h AnU U = h AnA * nUhUj = u(-, An Uj, Uj) for any 
j > 1. Consequently, applying Part 2) of Proposition 13.51 yields that 



(3.7) lo(z,A,U) < limini u(z, An Uj,Uj) = lim h* AnU . v .{z) = h(z), z e U. 

j— »oo j—*oo -" J 

On the other hand, using the above definition of h, one can check that h < 1 on Ai 
and h < on [j^L^A fl Uj)* . Since the latter union is equal to A*, it follows that 
h < co(-,A, U). This, combined with estimate (13.71) . completes the proof. □ 
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Proposition 3.7. Let M.j be a complex manifold and Aj a nonempty open subset 
o}'M rJ 1 V. N>2. 

1) Then, for z = (z 1 , . . . , z N ) G M\ x ■ • • x M N , 

uj(z,AiX---xA n ,MiX---xMn)= max u(zj, Aj, Mj). 

j=l,...,N 

2) Put X :=X(Ai, . . .,A N ;Mi, ...,M N ). Then A l x • • • x A N C X and 

N 

u(z, Ax x • • • x A N ,X) = yjo;(^-, Aj, Mj), z = {z x , . . . , z N ) G X. 

Proof. Part 1) follows immediately by combining Theorem 13.11 and the work of Edi- 
garian and Poletsky in [7J. 

Using Part 1), the proof of Lemma 3 in [12] still works in this context making the 
obviously necessary changes. □ 

3.3. Three uniqueness theorems and a Two-Constant Theorem. The fol- 
lowing uniqueness theorems will play a key role in the sequel. 

Theorem 3.8. Let M. be a connected complex manifold, A a non locally pluripolar 
subset of M., and Z a complex analytic space. Let f,g G 0(A4, Z) such that f(z) = 
g(z), z G A. Then f = g. 

Proof. Since A is non locallypluripolar, there is an open subset U C M. biholomor- 
phic to an Euclidean domainj such that A R U is nonpluripolar in U. Consequently, 
we deduce from the equality f(z) = g(z), z G A(~\U, that / = g on U. Since M. is 
connected, the desired conclusion of the theorem follows. □ 

Theorem 3.9. Let Dj be a complex manifold and Aj C Dj a non locally pluripolar 
subset, j = 1, . . . , N, N > 2. Let Y be a complex analytic space. Let U\ and U 2 be 
two open subsets of D\. For k G {1,2}, let fk G 0(Xk,Y), where 

X k := X(A 1 nU k ,A 2 ,..., A N ; U k ,D 2 ,..., D N ) . 

Then: 

1) If fi = h on (Ui H U 2 ) x (A 2 n Al) x • • • x (A N n A* N ) , then h = f 2 on 1^1, 

2) If U x = U 2 and f x = f 2 on (A 1 n A\ H U x ) x (A 2 (1 A*) x • • • x (A N n A* N ), then 

fi = h on x i- 

Proof. To prove Part 1), fix an arbitrary point z° = . . . , z%) G X\ D X 2 . We 
need to show that fx(z°) = f 2 (z ). 

For any 2 < j < N, let Qj be the connected component which contains Zj of the 
following open set 

j'-i 

Zj G Dj : u(zj, Aj, Dj) < 1 — max ui(z®, A fl Uk, C4) — ^( z p, A p , D p 

p=2 



2 An Euclidean domain is, by definition, a domain in 
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Observe that for k G {1, 2} and (a 3 , . . . , a N ) G (A 3 n A*) x • • • x (Ajv n A^), the 
mapping z 2 G £2 ^ /fc (2?, -225 ^3, • • • , a iv) belongs to 0(Q 2 , Y)- in addition, it follows 
from the hypothesis that 

(3.8) f 1 (z®,a 2 ,...,a N ) = f 2 (z°,a 2 ,...,a N ) , a 2 eA 2 nA 2 '. 

On the other hand, by Part 5) of Proposition ^. 51 Q 2 contains a non locally pluripolar 
subset of A 2 fl A\. Therefore, by Theorem 13.81 

fi ( z i, %2, Ofl, • • • , o-n) = f2 (^1, z 2 , a 3 , . . . , a N ) , 

(z 2 , a 3 , . . . , ajv) G G 2 x (A 3 n Al) x • • • x (Ajy n A^). 

Hence, 

(3-9) /1 (2°, 2;°, a 3 , . . . , a N ) = f 2 z 2 , a 3 , . . . , a^) , 

(a 3 , . . . , a N ) G (A 3 n A* 3 ) x • • • x (A N n A^). 

Repeating the argument in fl3.8l) - fl3.9p (TV — 2) times, we finally obtain f\(z°) = 
f 2 (z°). Hence, the proof of Part 1) is finished. 

In virtue of Part 1), Part 2) is reduced to proving that 

fi = h on Ui x (A 2 n A 2 ) x • • • x (Aat n A* N ). 

To do this, fix an arbitrary point z° = (2°, a° . . . , a^r) e^x (A 2 fl A 2 ) x • • • x (A N fl 
A^) such that z° G Xi. Then uj(z h A x n A£ n U u Ux) < 1. Let £ be the connected 
component containing of CTj.. Using Parts 1) and 3) of Proposition 13.51 and taking 
into account the latter estimate, we see that A\ fl A\ D Q is a non locally pluripolar 
set. 

Next, observe that for k G {1,2}, the mapping z\ G Q 1— >■ (zj., a°, • • • , a%) 
belongs to 0(Ui,Y). Moreover, since we know from the hypothesis and the above 
paragraph that fx (•, a°, . . . , a° N ) — f 2 (•, a 2 , . . . , a%) on the non locally pluripolar set 
Ai n A* n Q, it follows from Theorem [XS] that 

/l (^li a 2 i ■ ■ ■ j a jv) — /2 (^1, a 2; • • • > a Af) ; 2 1 

Hence, fi(z°) = f 2 (z°), which completes the proof of Part 2). □ 

The next result, combined with Part 2) of Theorem [3J2, establishes the uniqueness 
stated in Theorem A and in its intermediate versions (see Theorems 14.11 15. lj 16.11 
and Proposition 16.61 below) . 

Theorem 3.10. Let Dj be a complex manifold and Aj C Dj a non locally pluripolar 
subset, j = 1, . . . , N. Let Z be a complex analytic space. One defines X, X* and 
X as in Subsection 2.1. Let f G O s (X,Z) and f G 0(X,Z) such that f = f on 
X n X*. Then f = f onXnX. 

Proof. Let z° = (z®, . . . , z%) be an arbitrary point of X fl X, and put f\ := /, 
f 2 := f. Arguing as in the proof of Theorem 13.91 we can show that f(z°) = f{z°). 
This completes the proof. □ 
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The following Two-Constant Theorem for plurisubharmonic functions will play 
an important role in the proof of the estimate in Theorem A. 

Theorem 3.11. Let M. be a complex manifold and A a non locally pluripolar subset 
of M. Let m,M G R and u G VSH(M) such that u(z) < M for z G M, and 
u(z) < m for z G A. Then 

u(z) < m(l - u(z,A,M)) + M ■ uj(z,A,M), z e M. 

Proof. It follows immediately from the definition of u)(-,A,Ai) given in Subsection 
2.1. □ 

4. Part 1 of the proof of Theorem A 

The main purpose of the section is to prove Theorem A in the following special 
case. 

Theorem 4.1. Let D be a complex manifold, let G be a complex manifold which is 
biholomorphic to an open set in C q (q G N), let A be an open subset of D, and let B 
be a non locally pluripolar subset of G. Let Z be a complex analytic space possessing 
the Hartogs extension property. Put X := ~K(A, B; D, G) and X := ~K(A, B; D, G). 
Then for any mapping f G O s (X, Z), there is a unique mapping f G 0(X, Z) such 
that f = f onXHX*. 

Remark 4.2. Under the above hypothesis, it can be checked that X n X* = (A x 
G)U(Dx(5nB*)). In addition, in the proof below we assume that G is a domain in 
C q . Clearly, in virtue of Part 3) of Proposition \3~1% it suffices to prove the theorem 
under this assumption. 

Proof. We begin the proof with the following lemma. 



Lemma 4.3. We keep the hypothesis of Theorem \4-l\ For j G {1,2}, let <pj G 
0(E,D) be a holomorphic disc, and let tj G E such that 0i(£i) = ^2(^2) o,nd 

^/l D \ A (^(e ie ))^< 1. Then: 



2 




1) For j G {1,2}, the mapping (t,w) 1— > f((j)(t),w) belongs to O S (X(0 J - 1 (t4) fl 
E,B;E,G),Z), where (pj 1 (A) := {t eE: (j)j{t) G A}. 

2) For j G {1,2}, in virtue of Part 1), Remark \4-2\ and applying Theorem 3, let 
fj be the unique mapping in O (lL(<p~j l (A) fl E, B; E,G), Z^j such that fj(t,w) = 

(t,w) G X {(f)]\A) n E, B n B*; E,G) . Then 

fi(t!,w) = f 2 (t 2 ,w), 
for allw G G such that (tj, w) G X (<j>j x (A) n E, B; E, G) , j G {1, 2}. 

Proof of Lemma \4-3\ Part 1) follows immediately from the hypothesis. There- 
fore, it remains to prove Part 2). To do this fix w G G such that (tj,w ) G 
X{(j>j\A)nE,B',E,G) for j G {1,2}. We need to show that A(ti,w ) = / 2 (t 2 ,Wo)- 
Observe that both mappings w G Q 1— > f\{ti,w) and w G Q 1— > fritz,™) belong to 
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0{Q,Z), where Q is the connected component which contains w of the following 
open set 



w G 



G : u(w, B, G) < 1 - max u(tj, <Pj\A) C\E,E)\ 

J'G{1,2} J 



Moreover, for any w G B C\ B* we have that u(w,B PI B*,G) = 0. Therefore, 
for any j G {1,2} one clearly gets that {t j} w) G X (^(A) n £7, B n B*; G) . 
Consequently, since 0i(ti) = ^2(^2), it follows that 

= f(MtM = f(Mh),w) = f 2 (h,w), weBHB*. 

On the other hand, by Part 5) of Proposition ^. 51 Q contains a non locally pluripolar 
subset of B fl B*. Therefore, by Theorem 13. 8^ ji(£i,u>) = /^fe? w), w G Q. Hence, 
fi{ti, wo) = ^2(^2, wo), which completes the proof of the lemma. □ 

Step 1: Construction of the extension mapping f on X. 

Proof of Step 1. We define / as follows: Let X be the set of all pairs (z,w) G D xG 
with the property that there are a holomorphic disc <p G 0(E, D) and t G E such 
that (j){t) = z and (t, w) G X fl E, B; E, G) . In virtue of Theorem 3, let 

be the unique mapping in O ^X(0 _1 (A) fl E, B; E, G), such that 

(4.1) U(t, w) = f((f>(t),w), (t, w)ex {<t>-\A) HE,BH B*; E, G) . 
Then the desired extension mapping / is given by 

(4.2) f(z,w):= U(t,w). 

In virtue of Part 2) of Lemma [4. 3[ / is well-defined on X . We next prove that 

(4.3) X = X. 

Taking (14. 3[) for granted, then / is well-defined on X. Moreover, it follows from for- 
mula (14.21) that for every fixed z G D, the restricted mapping f{z,-) is holomorphic 
on the open set jit; G G : (z, w) G x\ . 

Now we return to (14. 3p . To prove the inclusion X C X, let (z,w) G X. By the 
above definition of X , one may find a holomorphic disc 4> G 0(E, D), a point t G -E 1 
such that </>(£) = z and (t,w) G X n E, B; E, G) . Since u(<f>(t),A,D) < 

u{t,(f)- 1 (A)nE,E),it follows that 

u(z, A, D) + u(w, B, G) < u(t, (j)~\A) n E, E) + u(w, B, G) < 1, 

Hence (z, w) G X. This proves the above mentioned inclusion. 

To finish the proof of (14. 3p . it suffices to show that X C X. To do this, let 
(z, w) G X and fix any e > such that 

(4.4) e<l-uj(z,A,D)-u(w,B,G). 
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Applying Theorem 13.11 and Proposition 13.41 there is a holomorphic disc <fi G 0(E, D) 
such that 0(0) = z and 

(4.5) i- J l D \ A (^(e ie ))de < w(z, A, D) + e. 

o 

Observe that 

u(0 1 <P~ 1 (A)nE,E)+u(w 1 B,G) < ^- J l D \ A (<P(e ie ))d9 + u(w,B,G) 

o 

< w(z,A,D)+u(w,B,Gf) + e<l, 
where the first inequality follows from an application of Lemma 13.31 the second one 
from (Oil , and the last one from (jHU). Hence, (0, w) G X (0 _1 (^) n £7, 5; £?, G) , 
which implies that (z,w) G X. This complete the proof of (14. 3p . Hence Step I is 
finished. □ 
Next, we would like to show that / satisfies the conclusion of the theorem. This 
will be accomplished in two steps below. 

Step 2: Proof of the equality f = f on X fl X*. 

Proof of Step 2. Let (z, w) be an arbitrary point of A x G. Choose the holomorphic 
disc (f)eO(E,D) given by <f>(t) := z, t G E. Then by formula (@~2D, 

(4.6) /(*, w) = U(0, w) = /(0(O), w) = f(z, w), weG. 

Hence, / = / on A x G. 

Next, let (z, w) be an arbitrary point of D x (B n B*) and let e > be such that 

(4.7) e<l-u(z,A,D). 

Applying Theorem 13.11 and Proposition I3.4[ one may find a holomorphic disc G 
0(E, D) such that 0(0) = z and 

(4.8) i- y l^(0(e ie ))^ < A, D) + e. 



o 



Consequently, 



2tt 



5(0, 0~ 1 (A) n£,£) + B, G) < / lm A (0(e ie ))d6> < 2(2, A, D) + e < 1, 

27T J 







where the first inequality follows from an application of Lemma I3T31 and the equality 
u(w,B,G) = 0, the second one from ( 14. 8ft . and the last one from ( 14.71) . Hence, 
(0,w) G X(0 -1 (.A) nE,B;E,G) . Therefore, using (|P)1 - (|£2|) and arguing as in 
( 14.61) . we conclude that f(z, w) = f(z, w). This proves that / = /onDx(5n B*). 

In summary, we have shown that / = / on (A x G) U (D x (B n B*)) . In virtue 
of Remark 14.21 Step 2 is complete. □ 

Step 3: Proof of the fact that f G 0(X, Z). 
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Proof of Step 3. Fix an arbitrary point (zq, wq) G X and let e > be so small such 
that 

(4.9) 2e<l-u(zo,A,D)-w(w ,B,G). 

Since lu(-, B, G) G VSH(G), one may find an open neighborhood V of wq such that 

(4.10) u(w, B, D) < u(w , B, G) + e, w G V. 

Let d be the dimension of D at the point Zo- Applying Lemma [3.21 and Proposition 
13.41 we obtain an open set T in C, an open neighborhood U of zq which is biholomor- 
phic to the unit ball in C d , and and a family of holomorphic discs {4>z)zeu C 0(E, D) 
with the following properties: 

(4.11) the mapping (z,t) G U x E i— > Z (£) is holomorphic; 

(4.12) 0,(0) = z, zG/7; 

(4.13) G A, teTnE, zeU; 

(4.14) i- y l dE \ T (e i0 )d9 < u(z ,A,D) + e. 

o 

Consider the mapping g : X(T (1 E,U, B; E, U, G) — ► Z given by 

(4.15) g{t,z,w):=f{<t> s {t),w), (t, z,w) eX(T n E,U, B; E,U,G) . 

We make the following observations: 

Let t G T H E. Then, in virtue of (14.131) we have 4> z (t) G A for z G U. Conse- 
quently, in virtue of (14. lip . ( 14.151) and the hypothesis / G O s (X, Z), we conclude that 

z, -)\ G G 0(G,Z) (resp. p(t, •, iw)|c/ G 0(U,Z) \ for any z £ U (resp. «; G 5). 

Analogously, for any z G £/, to G B, we can show that #(•, z, G Z). 

In summary, we have shown that g G O s (X (T D £7, [7, £7, £/, G) , Z) . Recall that 
U is biholomorphic to the unit ball in C d . Consequently, we are able to apply Theo- 
rem 3 to g in order to obtain a unique mapping g <E O (\(T H E,U, B; E, U, G) , Zj 
such that 

(4.16) g(t,z,w) = g(t,z,w), (t, z,w) G X (T n E,U, B n B*- E,U,G) . 
Observe that 

X (T n E, U, B;E,U,G) = {(t,z,w) eExUxG: u(t, T n E, E) + 5, G) < 1} . 
On the other hand, for any w G V, 

5(0, T n £, i?) + B,G)<±- f l dE \T(e w )d6 + uj(w , B,G) + e 

(4.17) 27T y 

o 

< S(z , A, D) + 2(«; , B, G) + 2e < 1, 

where the first inequality follows from an application of Lemma 13.31 and (I4.10p , the 
second one from (I4.14p . and the last one from (14.91) . Consequently, 

(4.18) (0, z,w) eX(Tn E, U, B] E, U, G) , (z,w)eUxV. 
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It follows from (14121) . (Q31 and KT7\f that, for z G [/, is well-defined 

and holomorphic on X(T fl E, B; E, G), and 

(4.19) f(z,w) = f <Pz (0,uj), weV. 

On the other hand, it follows from (14~H . (14. 15j) and (I4.16P that 

ft M (t,w) = g{t,z,w), (t,w) eX(T n E,B n B*;E,G) ,z eU. 

Since, for fixed z G U, the restricted mapping (t,w) i— ► g(t,z,w) is holomorphic 
on X(T fl E, B; E,G), we deduce from the latter equality and the uniqueness of 
Theorem 3 that 

g(t,z,w) = U,(t,w), (t,w) eX(TnE,BDB*;E,G),z G U. 
In particular, using (TOD, (1435]) and (0911 . 

£(0,z,w) = /^(0,w) = («,«;) E J7 x V. 

Since we know from (I4.18P that <? is holomorphic on a neighborhood of (0, Zo, Wo), 
we conclude that / is holomorphic on a neighborhood of (zq, wo). Since (z , wq) G X 
is arbitrary, it follows that / G 0(X, Z). Hence Step 3 is complete. □ 
Combining Steps 1-3, the theorem follows. □ 

5. Part 2 of the proof of Theorem A 

The main purpose of the section is to prove Theorem A in the following special 
case. 

Theorem 5.1. Let D, G be complex manifolds, and let A C D, B C G be open 
subsets. Let Z be a complex analytic space possessing the Hartogs extension property. 
Put X := ~K(A, B; D,G) and X := ~K(A, B; D,G). Then for any mapping f G 
O s (X, Z), there is a unique mapping f G 0(X, Z) such that f = f on X. 

Remark 5.2. Using Part 1) of Proposition l375\ it can be checked that, under the 
above hypothesis, X* = X. 

Proof. Let us start with the following lemma. 

Lemma 5.3. We keep the hypothesis of Theorem 5.1. For j G {1,2}, let ipj G 
0(E,G) be a holomorphic disc and let Tj G E such that ipi(ri) = fofe) o,nd 

^} 7r i G \ B (^(e ie ))^< 1. Then: 
o 

1) For j G {1)2}, the mapping (z,r) i— ► f(z,tpj(r)) belongs to 
O s (X (A, ijj\B) n E; D, E),Z), where ^j\B) := {r G £ : ipj(r) G B}. 

2) For j G {1,2}, in virtue of Part 1), Remark \5.2\ and applying Theorem \4-l , let 

fj be the unique mapping in O ^X (A, tp~ l (B) fl E; D, E) , Z^j such that fj(z, r) = 
f{z,il>j(T)), (z,t) eX(A,1>r\B)nE;D,E). Then 

/i(z,ri) = f 2 (z,T 2 ), 
for all z G D such that (z, Tj) G X (A, ip] l (B) n E; D, E) , for j G {1, 2}. 
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Proof of Lemma \5.?ft It follows along the same lines as those of Lemma 14.31 □ 

Now we return to Theorem 15. 11 First we define a mapping g : X — > Z as 
follows: Let X be the set of all pairs (z,w) G D x G with the property that there 
are a holomorphic disc ip G 0(E, G) and r G E such that = w and (z, r) G 

X (A, ip^^B) fl i?; L>, £7) . In virtue of Lemma 15.31 let be the unique mapping in 
O (x (A, tj}-\B) n E; D, E) , z\ such that 

(5.1) U(z, r) = f(z, 4>(t)), (z, r) G X (A ^\B) fl £; D, £?) . 
Then we define 

(5.2) g(z,w) := f^(z,r). 

In virtue of Part 2) of Lemma [5.3[ g is well-defined on A*. Moreover, arguing as in 
Step 1 in the proof of Theorem 4.1, we can show that X — X. Consequently, g is 
well-defined on X. Moreover, arguing as in Step 2 in the proof of Theorem 14.11 it 
follows from fl5.1l) - fl5.2p and Remark 15.21 that for every fixed w G G, the restricted 

mapping g(-,w) is holomorphic on the open set |z G D : (z,w) G xj and that 
g = f on X. 

We define the desired mapping / on X as follows: Let (z,w) G X, let 
<p G 0(E, D) be a holomorphic disc and t G E such that (j)(t) = z and 
(t, w) G X (<f)^ 1 (A) fl E, B; E, G) . In virtue of Lemma 15.31 and replacing the role 
of B (resp. D) by that of A (resp. G) therein, let f^ be the unique mapping in 
O (X {^{A) n E, B- E, G) , Z) such that 

(5.3) U(t,w) = f(<f>(t),w), (t,w) G X((P-\A) n E,B;E,G). 
Then we put 

(5.4) /(*,«;) :=U(t,w). 

Arguing as in the previous paragraph, we conclude that / is well-defined on X. 
Moreover, it follows from fl5.3|) - fl5.4|) and Remark 15.21 that for every fixed z G D, 

the restricted mapping f(z,-) is holomorphic on the open set jwGG: (z, w) G x| 

and that / = / on X. 

The proof of the theorem will be complete if we can show that 

(5.5) f = g. 

Indeed, taking (15. 5p for granted, then for any (z ,w ) G X, we may find an open 
neighborhood U x V of (z ,w ) such that U x V C X and J7 (resp. V) is biholo- 
morphic to an Euclidean ball. Using (15.51) and the above-mentioned property of / 
and g, we see that /(= g) G O s (K(U, V; U, V), Z). Consequently, applying Theorem 
3 to /, it follows that / G 0(U xV,Z). Hence, / G 0(X, Z), and the proof of the 
theorem is finished. 
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To prove (15.51) . fix an arbitrary point (zq, Wq) G X. Fix any e > such that 
(5.6) 3e < 1 -u(zq,A, D) -u(w ,B, G). 

Applying Theorem 13.11 and Proposition 13.41 there is a holomorphic disc (p £ 0(E, D) 
(resp. ip G 0(E,G)) such that 0(0) = z (resp. ^(0) = w ) and 

^ J l D \ A (<P(e ie ))d6<u(z ,A,D) + e, i- ^ l G \ B (ifj(e ie ))d9 < uj(w , B, G) + e. 

o o 

Using this and estimate (15.61) . and arguing as in Step 1 of Theorem 14.11 we see 
that (0,0) G X(<p- 1 {A)nE,^- 1 (B) n E; E, E) . Moreover, since / G O s (X,Z), the 
mapping h given by 

h(t, r) := /(0(t), ^(r)), (t, r) G X n E, ijj~ l {B) n £; £?) , 

belongs to O s (x n £ > V^O 8 ) n E; E, E),z}. Moreover, in virtue of (J5HJ) 

and (E3D, 
(5.7) 

V(r)) = fW), V(r)) = UW),t), (t, r) G X n £, ^(5) n £; £) 

By Theorem 3, let ft G (x (</> _1 (A) n E, ifj~ l {B) n £; £7, £) , be the unique 
mapping such that 

h(t,r) = h(t,r)=f( ( p(t),ij(T)), (t,r)eX(4>- 1 (A)nE,^ 1 (B)flE;E,E). 
Then in virtue of ( 15.7ft we clearly have that 

V(r)) = ft(t, r) = U(<t>(t),r), (t, r) G X (^(A) n £, ^{B) R £7; £, £) . 
Therefore, 

/ (O,«;o) = MO,O) = /^o,O), 
which, in turn, implies that 

f(zo,w ) = f 4,(0, w Q ) = U(zo,0) = g(z ,w ). 

Hence, the proof of identity (15.51) is complete. This finishes the proof of the theorem. 

□ 



6. Part 3 of the proof: Theorem A for the case N = 2 

The main purpose of the section is to prove Theorem A for the case N = 2. 

Theorem 6.1. Let D, G be complex manifolds, and let A C D, B C G be non 
locally pluripolar subsets. Let Z be a complex analytic space possessing the Hartogs 
extension property. Put X := X(A, B; D, G) and X := ~K(A, B\ D, G). Then for any 
mapping f G O s (X, Z), there is a unique mapping f G 0(X, Z) such that f = f on 

x n x*. 
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For the proof we need to develop some preparatory results. 

For any a G A* (resp. b G B*), fix an open neighborhood U a of a (resp. V b of b) 
such that U a (resp. V b ) is biholomorphic to a domain in <C da (resp. in C db ), where d a 
(resp. d b ) is the dimension of D (resp. G) at a (resp. 6). For any < 8 < |, define 

(6.1) 

U a>s := {zEU a : u{z, AnU a ,U a ) <8}, a E An A*, 
V bt5 := {w G V b : u(w, BnV b ,V b ) < 8} , beBn B*, 

A s := |J U aj5 , B 5 := (J V bjS , 

aeAnA* beBnB* 
D 5 :={zeD: u(z, A, D) < 1 - 8} , G s := {w e G : u(w, B, G) < 1 - 8} . 

Lemma 6.2. We keep the above notation. Then 

(6.2) An A* c AjCD^CDj, 

(6.3) A < 2(2, A 5 ,D) < 2 G D. 

Proof of Lemma \6.2l Using (16.1 j) and the definition of local pluriregularity, we see 
that a G C/ a) a for a G An A*. Consequently, the first inclusion in (16. 2p follows. Since 
< 6 < 2) the third inclusion in (16.21) is clear. To prove the second inclusion in 
(16.21) . let z be an arbitrary point of A$. Then there is an a G A D A* such that 
2 G ^7 a ,<5- Applying Part 2) of Proposition 13.51 and taking into account the inequality 
< 8 < |, we obtain 

(6.4) 2(z, A, D) < 2(z, A n U a , U a ) < 8. 

Hence, z G D\s, which in turn implies that As C Dis- Hence, all assertions in 
(16.21) are proved. 

Next, using the first inclusion in (I6.2p and applying Parts 1) and 2) of Proposition 
13.51 we get 

uj(z, A s , D) < u(z, An A*,D) = uj(z, A,D), ze D, 

which proves the second estimate in (16.31) . 

To complete the proof of (16. 3p . let a G A R A* and < 8 < |. We deduce from 
(E3D that 2(2, A, D) - 8 < for z G U a , s . Hence, by (IBTTjl . 

uj(z, A, D) — 8 < 0, zeA s . 

On the other hand, uj(z, A, D) — 8 < 1, z G D. Consequently, the first estimate in 
( 16. 31 ) follows. Hence, the proof of the lemma is finished. □ 
We also need the following 

Definition 6.3. Let M. be a complex manifold and Y a complex space. Let (Uj)j e j 
be a family of open subsets of A4, and (fj)j£j a family of mappings such that fj G 
0(Uj, Y). We say that the family (fj)jej is "collective" if, for any j, k G J, fj = fk 
on Uj n Uk- The unique holomorphic mapping f : |J Uj — > Y, defined by f := fj 

jeJ 

on Uj, j G J, is called the "collected mapping" of (fj)j£j- 
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Lemma 6.4. We keep the the hypothesis of Theorem \6.1\ and the above notation. 
Suppose, in addition, that for every a G A n A*, there is a (unique) mapping f a G 

o(x(AnU a , B- U a ,G), Z\ such that 

(6.5) f a (z, w) = f(z, w), (z, w) G X (A n A* n U a , B n B*; U a , G) . 

Then the family [f a \u s xG s ) collective. 

Proof of Lemma \6J\ Let a\, a2 be arbitrary elements of An A*. By (16.51) . we have 
that 

f ai (z,w) = f(z,w) = f a2 {z,w), (z,w) G (U ai HU a2 ) x(BDB*). 
Consequently, in virtue of Part 1) of Theorem 13.91 

/«! (z, w) = f a2 (z, w) , (z, w)eX(AC) U ai , B; U ai ,G) ni(An(7 a21 5; /7 a2 , G) . 

This, combined with the definition of U a> s and G$ given in (16.11) . the fact that 
< 5 < |, and Definition 16.31 implies the desired conclusion. □ 

Lemma 6.5. Let T> and Q be two complex manifolds. Let (AOcx^i (resp. 
(Bs) 0<s< k) be a family ofnon locally pluripolar subsets ofV (resp. Q), and (T>s) 0<s< i 
(resp. (Gs)o < s<±) a family of open subsets ofT> (resp. Q) with the following proper- 
ties: 

(i) As, C As 2 C V 52 C V Sl and B Sl c B &2 C Gs 2 c Q Sl for < 8 X < S 2 < \. 

(ii) There is a family of holomorphic mappings {fs)Q < s < i. such that fs G 

o(x (As, B s ; V s , Q s ) , z) , and for < & < 5 2 < |, 



fsi(z,w) = fs 2 (z,w), (z,w) G x 

(hi) There are an open subset U (resp. V)ofT> (resp. Q) and a number < 
5 < | swc/i i/jcrf a;(z, ^.j, X>5 ) + S5, ^5 ) < 1 for all (z,w) G ?7 x V and 
0<5<5 . 

Then fs(z, w) = fs ( z , w) for all (z,w) G U x V and < S < 5 . 

Proof of Lemma \6.5\ Fix 5 such that < 5 < 5q. By (hi), we have that 

(6.6) U X V C H := X (A, D*,, & ) . 

On the other hand, using (i) and Part 2) of Proposition 13. 5[ we see that 

HcX {As, B 5 ; V s , Q s ) n X ( A 5o , B So ; V 5o , Qs ) • 

Using this and (ii), we are able to apply Part 2) of Theorem 13.91 to fs\s an d fs \ii- 
Consequently, fs = f$ on H. This, combined with (16. 6p . completes the proof of the 
lemma. □ 
Now we are able to to prove Theorem 16.11 in the following special case. 

Proposition 6.6. We keep the hypothesis of Theorem \6.1\ Suppose in addition that 
G is biholomorphic to a domain in C q (q G N). Then the conclusion of Theorem \6.1\ 
holds. 
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Proof of Proposition{KM For each a e An A*, let f a := f\x(Anu a! B;U a ,G)- Since / G 
O s (X, Z), we deduce that f a G O s (x (AnU a , B; U a , G),z\ Recall that U a (resp. 
G) is biholomorphic to a domain in C da (resp. in C q ). Consequently, applying The- 
orem 3 to f a yields that there is a unique mapping f a G o(x (A n £/ a , £>; U a , G) , 
such that 

(6.7) f a (z, w) = f a (z, w) = f(z, w), (z, w)eX(AnA*nU a ,Bn B*; U a , G) . 
Let < 5 < \. In virtue of (16 .7p . we are able to apply Lemma WM to the family 
[fa\u a . s xG 6 ) .Let 

(6.8) f s eO(A s xG s ,Z) 

denote the collected mapping of this family. In virtue of (I6.7l) - (l6.8p . we are able to 
define a new mapping fs on X (As, B D B*; D, Gs) as follows 

fs, on A s x G s , 

f, on D x (5 n B*). 



Using this and (EZD-(EE]), we see that fs G O s \X (As, B n B*; D, G s ) , Zj , and 

(6.9) f s = f onX(AnA*,Bf]B*;D,Gs). 

Since As is open and Gs is biholomorphic to an open set in C q , we are able to apply 
Theorem 14. II to fs in order to obtain a mapping fs G o(x (As, B n 5*; D, G^) , 
such that 

(6.10) f 5 = fs onX(As,BDB*;D,Gs). 

We are now in a position to define the desired extension mapping /. Indeed, one 

glues ( fs) together to obtain / in the following way 

V /o«5<! 

(6.11) f := ^f* on ^- 

One needs to check that the limit (16.111) exists and possesses all the required proper- 
ties. In virtue of (16.91) ( T67TTT) . the fact that Gs S G as 5 \ (by (16. ip ) and Lemma 
16.51 the proof will be complete if we can show that for every (zq,wo) G X, there 
are an open neighborhood U x V of (zq, wq) and 5q > such that the hypothesis of 
Lemma 16.51 is fulfilled with 

V := D, Q := G, As := A 5 , B s := B n B*, V 5 := D, Gs ■= G s , < 5 < i. 



2 



To this end let 

, R1n s x l-u(z ,A,D)-u(w ,B,G) 

(6.12) 5 := , 

and let U x V be an open neighborhood of (zq, wo) such that 

(6.13) u(z, A, D) + u(w, B, G) < u(z , A, D) + u(w , B, G) + 5 . 
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Then for < S < 80 and for (z, w) G U x V, using ( I6.12l) -f l6.13l) and invoking Part 
4) of Proposition 13. 5^ we see that 

u(z, A 5 , D) + u(w, B n B*, G So ) < u(z, A, D) + U ^ B ' G ) 

(6.14) 1 " do 

I -S 

This proves the above assertion. Hence, the proof of the proposition is finished. □ 
We now arrive at 

Proof of Theorem I ff.il For each a G A fl A*, let f a := f\x(Anu a ,B-,u a ,G)- Since 
/ G O s {X, Z), we deduce that f a G O s (x (A n U a , B; U a , G),z\ Since U a is biholo- 
morphic to a domain in C da , we are able to apply Proposition ^. 6l to /„. Consequently, 
there is a unique mapping /„ G o(x (A fl U a , B; U a , G) , Zj such that 

(6.15) f a (z,w) = f(z,w), (z,w) EX(AnA*nU a ,BnB*;U a ,G). 

Let < 8 < \. In virtue of fl6U5|) . we may apply Lemma 16.41 Consequently, we 
can collect the family [fa\u aS xG s ) m order to obtain the collected mapping 

V a ' / aeAnA* 

f s A eO(A s xG 5 ,Z). 

Similarly, for each b G B H B*, one obtains a unique mapping f b G 
O fx (A, 5 n H; D, V b ) , z) such that 



(6.16) f b (z,w) = f(z,w), (z,w)eX{AnA*,BnB*nV b ;D,V b ). 

Moreover, one can collect the family ( fb\D s xv bS ) i n order to obtain the col- 

lected mapping ff G 0(D S x B s , Z). 
Next, we prove that 

(6.17) ft = ff on A s x B 5 . 

Indeed, in virtue of fl6.15p - fl6.16p it suffices to show that for any a G A fl A* and 
b G B n B* and any < 8 < |, 

(6.18) fa{z,w) = fb{z,w), (z,w) G £4,5 X Vb,i. 
Observe that in virtue of f l6.15l) - f)6.16l) one has that 

f a (z, w) = f b (z, w) = f(z, w), (z, w) g x (A n A* n c/a, 5 n B* n H; ^, H) • 

Recall that J7 a (resp. T4) is biholomorphic to a domain in C da (resp. C db ). Conse- 
quently, applying the uniqueness of Theorem 3 yields that 

f a (z, w) = f b {z, w), {z, w) ei(An U a , B n V b - U a , V b ) . 

Hence, the proof of ( 16. 18ft and then the proof of (16. 17ft are finished. 
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In virtue of (16.171) . we are able to define a new mapping fs : X (Ag, B$; Ds, Gs) 
Z as follows 



(6.19) f 5 :-- 




on Ag x Gg, 
on Dg x B s . 



Using formula (16.191) it can be readily checked that fs G O s (^X (Ag, Bs; Ds,G$) , Zj. 

Since we know from (16. 2\i that Ag (resp. Bs) is an open subset of Ds (resp. Gs ), we 
are able to apply Theorem 15. II to fs for every < 8 < ~. Consequently, one obtains 

a unique mapping /,5 G CMX (A^, 5^; Z^, G^) , Z ) such that 



(6.20) /, = / 5 oiiX(4^;^,Gj). 
It follows from fl6TT5|) - fl6TT6|) and fl6TT9D - fl6T20l that 

(6.21) f s = f onX(AnA*,BnB*;D s ,G 6 ). 

In addition, for any < 8 < do < |, and any (z, w) G x Bs, there is an a G An A* 
such that z G ^7 a ,<5o- Therefore, it follows from the construction of ff, (I6.19P and 
(E2QD that 

f 5 (z,w) = f a (z,w) = f So (z,w). 

This proves that 

(6.22) f s = f So on As x B s , < 5 < 5 < \. 

We are now in a position to define the desired extension mapping /. 

f := lim fs on X. 

To prove that / satisfies the desired conclusion of the theorem one proceeds as in 
the end of the proof of Proposition 16.61 In virtue of fl 6 . 2 1 j) — f 1 6 . 2 2 j) and Lemma 16.51 
the proof will be complete if we can verify that for every (^o, wq) G X, there are an 
open neighborhood U x V of (zo, wo) and <5o > such that the hypothesis of Lemma 
1631 is fulfilled with 

V:=D, Q := G, A 5 := A s , B s := B 5 , V s := D 5 , Gs := G 6 , 0<5< i 

Since the verification follows along almost the same lines as (I6.12l) -( l6.14l) . it is 
therefore left to the interested reader. 

Hence, the proof of the theorem is finished. □ 

7. Part 4: Completion of the proof of Theorem A 

In this section we prove Theorem A for every N > 3. We divide the proof into 
two parts. 
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7.1. Proof of the existence and uniqueness of /. We proceed by induction (I) 
on JV > 3. Suppose the theorem is true for N — 1 > 2. We have to discuss the case 
of an iV-fold cross X := X(A 1 , . . . , An', Di, . . . , Dn), where D\, . . . , Dn are complex 
manifolds and A\ C D\, . . . , An C Dn are non locally pluripolar subsets (1 < j < 
N). Let / G O s (X, Z). Observe that the uniqueness of / follows immediately from 
Part 2) of Theorem 13.91 

We proceed again by induction (II) on the integer k (0 < k < N) such that there 
are at least k complex manifolds among {Di, . . . , Dn} which are biholomorphic to 
Euclidean domains. 

For k = N we are reduced to Theorem 3. 

Suppose that Theorem A is true for the case where k = k (1 < k < N). We 
have to discuss the case where k = k — 1. Suppose without loss of generality that 
D 2 is not biholomorphic to an Euclidean domain. 

For any 1 < j < N and aj G Aj fl A*, one fixes an open neighborhood U aj of ctj 

such that U a . is biholomorphic to a domain in C da j , where d aj is the dimension of 
Dj at aj. For 1 < j < N and for any < 5 < 1, define 

U aj ,s ■= {zj G U aj : oj{z^Aj n U a .,U aj ) < 5} , aj G Aj n A*, 
(7.1) Ajfi '■= U Ua i' s > 

Dj,s ■= {zj G Dj : u(zj,Aj, Dj) < 1 - 5} . 
For every a\ G A\ n A\, consider the mapping f ai provided by 

/ai (z 2 , . . . , z N ) := / (ai, z 2 , ■ ■ ■ , z N ) , 

(z 2 , . . . , z N ) G x(A 2 , . . .,A N ; D 2 ,..., 

Observe that in virtue of the above formula and the hypothesis that / G O s (X, Z), 
f ai satisfies the hypothesis of Theorem A for (N — l)-cross. Consequently, 
applying the hypothesis of induction (I), we obtain a unique mapping f ai G 

o(x{A 2 ,...,A N ;D 2 ,..., D N ) , Z} such that 

(7-2) f a [z 2 , . . . , zn) — j [a>i, z 2 , . . . , zn) , 

(z 2 , . . . , z N ) G X(A 2 n A*, . . . , A N A* N ; D 2 , . . . , Djv) . 
For every a 2 G A 2 fl A 2 , consider the mapping f a2 provided by 
fa 2 ( z i, z 2 , z 3 , . . . , z N ) := / [Zi, z 2 , z 3 , . . . , z N ) , 

(zi, z 2 ,z 3 , . . . , z N ) G X^Ai, A 2 n U a2 , A 3 , . . .,A N ; D u U a2 ,D 3 , Dn^. 

Recall that U a2 is biholomorphic to an Euclidean domain, but D 2 is not so. There- 
fore, in virtue of the above formula and the hypothesis that / G O s (X, Z), we may 
apply the hypothesis of induction (II) to f a2 . Consequently, one obtains a unique 
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mapping f a2 G o(x (A u A 2 n U a2 , A 3 , . . . , A N ; D u U a2 ,D 3 , D N ) , Z^j such that 
(7.3) f a2 {z x , z 2 , z 3 , . . . , z N ) = f (21, z 2 , z 3 ,..., Z N ) , 

(zi, z 2 ,z 3 ,..., z N ) G X^AiHAl, A 2 nA* 2 nU a2 , A 3 nA* 3 , A N nA* N ; D u U a2 ,D 3 , ...,D N 
We need the following 

Lemma 7.1. We keep the hypothesis of Theorem A and the above notation. Then 
for any a x G A x PI A*, a 2 G A 2 PI A^, and any < 5 < ±, 

f ai (Z 2 , Z 3 , . . . , Zn) = fa 2 (^1) z 2, z 3 , . . . , z N ) , 

(z 2 , z 3 ,..., z N ) G U a2>s x A 3i5 x ■ • • x A N;S . 



Proof of Lemma 7. 1 Let a\ , a 2 be as in the statement of Lemma 17.11 In virtue of 

) = / 

[ai, z 2 , z 3 , . . . , zn) 

(z 2 , 23, • • • , g x(A 2 n a; n u a2 , A 3 n A* 3 , . . . , A N n A* N - u a2 ,D 3 , D N ) . 



Consequently, applying Part 2) of Theorem 13.91 to f ai and f a2 ( a ii •) yields that 

(7.4) / ai (z 2 , Z 3: . . . , Zjv) = / a2 (Oi, Z 2 , ^3> • • • , Z N ) , 

, 23, . . . , z N ) G X^A 2 fi ?7 a2 , A 3 , . . . , A N ; U a2 , D 3 , . . . , D N ^j . 

Moreover, since < 5 < j^, it follows from (17. ip . (I6.2p . and a straightforward 
computation that 

t4 2 ,5 x A 3>5 x ■•• x A NtS C xYa 2 n E/ aa ,i4 3> ...,Aj V ;E7 oa ,D 3 ,...,D i vV 

This, combined with (17.41) . implies the desired conclusion of the lemma. □ 

In the sequel we always suppose that < 5 < j*. In virtue of (17.31) . Part 1) of 
Theorem 13.91 and Definition 16.31 we are able to collect the family of mappings 



a 2 eA 2 nA 



( fa 2 I D 1 _ NS x U a2 )S x A a 1 5 x • • • x A N , g 

in order to obtain the collected mapping 

(7.5) ! s G o[p XtNS x A 2 , 5 x ■ ■ ■ x A NtS , z) 



Let 



X 5 := xfAi n A*,A 2 , 5 x ••■ x Ajv.a; Z?i,jv<5> X (A 2 , . . . , A^; Z) 2 , . . . , D N ) \ . 

(7-6) ^ w ~ ( 

X 5 := X(A n A*, A 2 , 5 x • • • x A NiS ; D 1>m , X (A 2 , . . . , A N ; D 2 , . . . , D N ) J . 
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In virtue of Lemma 17.11 and the construction (17.51) . we are able to define a new 
mapping fg : Xg — > Z as follows 



(7.7) /,(*) := 



fs(z), z G Di tNS x A 2>s x • • • x A N>S , 

f Zl , ze (Ai n A*) xX{A 2 ,...,A N ;D 2 ,...,D N ), 



where z — (zi, . . . , z^) G Xg. 

Using (177711 . (177211 and ([775]), it can be readily checked that / a G S (X 5 ). In 
addition, using (17. 6p we have that XgDXg = Xg. Consequently, for every < 5 < j^, 

one applies Theorem 16.11 to fs and obtain a unique mapping fs G O \ such that 
(7.8) f s = fs on X s . 



Finally, gluing I fs I , we can define the desired extension mapping / by the 

formula 

(7.9) f := $%f* 011 

Next, we argue as in the proof of Theorem 16. 11 More precisely, one checks that 
the hypothesis of Lemma 16.51 is fulfilled with 

V:=D U G:=X (A 2 , . . . ,A N ; D 2 , . . . , D N ) , 

As := AxHAl, Bs := A 2>S X- ■ -xA Nt g, V 5 := D 1>m , Gs := X (A 2 , A N ; D 2 , . . . , D N ) , 

for < 5 < jj. 
To do this let 

Q := X (A 2t s, . . . , A^j] D 2 , . . . , D N ) , 



n 



N6 



jV G : uj(jz',A 2 ,s x ••• x A N>s ,Uj < 1 - N5j . 



Applying inequality (I6.3p . one gets 

N N 

^2 ^{z^Aj, Dj) < ^ ^( z j> A j,ti D j) +NS <1, z = (z 2 , ...,z N )e {l NS . 

3=2 3=2 

Hence, Q^s C X (A 2 , . . . , A^; D 2 , . . . , LV) , which, in virtue of Part 2) of Proposition 
13.51 implies that 

(7.10) u(z',A 2tS x •■■ x A N , S ,X(A 2 ,...,A N ;D 2 ,...,D N )^ 

< uj(z',A 2) s x • • • x A N}S ,Q NS ), z G D, N s. 
On the other hand, in virtue of Part 2) of Proposition 13.71 we have that 

N 

(7.11) u(z ,A 2}S x • • • x A N)S ,ri) = ^2uj(zj,A j>5 , Dj), z = (z 2 , ...,z N )eQ. 

3=2 
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By Part 4) of Proposition 13.5} 

cv(z ,A 2 ,s x ■ • • x A N ^,fl 
1 

This, combined with (T7.10p - (l7.11j) . implies that 

N ~( 

i=9 V 



u[z ,A 2 , S x ••• x A N j,Q NS ) = —± - — '-, z eQ NS . 



(7.12) u(z',A 2iS x ■■• x A Nt s,X(A 2 ,...,A N ;D 2 ,...,D N ) > ) < 



1 - NS 



i-ES(^j,Oi) 

For every z° = (z®, z° ) G X, let 5q := — 2N and fix an open neighbor- 

hood U x V of z° such that 

N N 

^2 Z( z j> A j; D j) < <5o + ^( Z P A i' D i)> z = (zi,z) eU X V. 

3=1 3=1 

Then, using the latter estimate and (I7.12p and Part 4) of Proposition 13.51 we see 
that 

w(z u A 1 r\Al,D liNSo )+ui(z',A 2i s x ••• x A N>5 , X (A 2 , . . . , A N ; D 2 , ■ . . , D N ) 

N 

^^(z^A^D^+So 

<tl <1. 

1 - N5 

for z = (zi, z) G U x V and < 5 < 5q. Consequently, we are able to apply Lemma 

EB 

We complete the proof as follows. An immediate consequence of Lemma 16.51 and 
formula (EHD is that / G O (x, . Moreover, by (E^-fO) and (j77)jl - (j7^ . and 

using the fact that D 1N $ S D x as 8 \ (see (17. ip ). we conclude that / = / on the 
following set 

(AiHA*) xX (A 2 nAZ,...,A N nA* N ;D 2 ,..., D N ) |J D x x (A 2 n^) x ■ ■ ■ x (Ajvn^). 

Since this set is equal to X fl X*, it follows from Theorem 13.101 that the mapping 
/ provided by formula (17. 9p possesses all the desired properties. This completes 
induction (II) for k = ko — 1. Hence, the proofs of induction (II), induction (I) and 
then the first part of the theorem are finished. □ 

7.2. Proof of the estimate in Theorem A. Following the work in [28] we divide 
this part into two steps. 

Step 1: Proof of the inequality \ f\g < \f\x- 

Proof of Step 1. In order to reach a contradiction assume that there is a point 
z° G X such that |/(^°)| > \f\x- Put a := f(z°) and consider the function 

(7.i3) 9( -~ ): =7(lF^ Z€X - 



A GENERAL VERSION OF THE HARTOGS EXTENSION THEOREM 



29 



Using the above assumption, we clearly have that g G O s (X, C). Hence by Subsection 
8.1, there is exactly one function g G 0(X, C) with g = g on X. Therefore, by (17. 13ft 
we have on X : g(f — a) = 1. Thus g(f — a) = 1 on X. In particular, 

= ^)(/V)-«) = l, 

which is a contradiction. Hence the inequality \f\x < |/|x is proved. Thus Step 1 
is complete. □ 
Step 2: Proof of the inequality 

(7-14) < l/ii^l/l? - 

Proof of Step 2. We prove (I7.14p by induction on N. When N = 1 , then applying 
Theorem 13. Ill to the plurisubharmonic function z G Di w log (17.141) follows. 

Suppose that (17.141) is true for N — 1. We would like to prove it for N. Fix an 
arbitrary point z° = (4 . . . , 4 

) G X. Let 

N 

(7.15) 5:=^^,^,^,). 

For any ai G Aif] A*, we apply the hypothesis of induction to the function f ai 
and obtain the estimate 



(7-16) \f«(4,...,&)\<\f\ 1 jf S \fi 
In virtue of (I7.7p - (j7.9p . we obtain that 

f ai (z° 2 , . . . , 4) = / (a 1; z°, . . . , 4) , a 1 eA 1 n A\. 

This, combined with (I7.16p . implies that 



(7.17) 

On the other hand, 
(7.18) 



/(•,4---,4) , <l/l!f'l/l*- 



5 ^2 i 



) N ) 



) „ <|/1 X <|/U, 



Dt,6 



where the latter estimate follows from Step 1. 
Applying Theorem 13.111 to the function log 

(I7.17P and (17.181) into account, we obtain 

i-£(2?,Airvq;,£>i >5 ) 

AinA* 



f 



J *2 ' 



l/V)l < /(•,4---,4) 

= i/ir (z0) i/ix (z0) ; 



/(v 



'2' 



) ''AT J 



D l, 



and taking 



where the equality follows from (17.151) and the identity u(zi,Ai H A*,Di_s) = 
ui(z 1 ,AinA 1 ,D 1 ) p ar t 4) of Proposition 13.51) . Hence estimate (17. 14ft for the point z° 

is proved. Since zq is an arbitrary point in X, (I7.14p follows, and the proof of the 
estimate in Theorem A is thereby finished. □ 

Combining the result of Subsections 7.1 and 7.2, Theorem A follows. □ 
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VIET-ANH NGUYEN 



Finally, we conclude the article by some remarks and open questions. 

1. Recent development in the theory of separately analytic mappings is character- 
ized by cross theorems with pluripolar singularities and boundary cross theorems. 
The most general results are contained in some articles of Jarnicki and Pflug (see 
[121 E2 EE] ) and in recent works of Pflug and the author (see [281 [29|). The question 
naturally arises whether one can generalize these results in the context of mappings 
defined on complex manifolds with values in a complex analytic space. We postpone 
this issue to an ongoing work. 

2. Is Theorem A in the case where Z := C optimal? In other words, is the 
open set X always the envelope of holomorphy for separately holomorphic functions 
defined on XI 
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